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Asymptotic results are obtained for &l(n), the kth difference of the function 
p”(n) which is the number of partitions of n into integers from A. Under certain 
restrictions on A it is shown that 
pT+l)(n)/pjl”)(n) = O(n-lla) (n + a>, 
thereby verifying for these A a conjecture of Bateman and Erd6s. 
4. INTRODUCTION 
Let A = (a,, , a, ,...} be a monotonically increasing infinite set of 
integers. Bateman and Erdos [l] define $“)(n) = p>“‘(n) by the formal 
power-series relation 
F,(x) = f p’(n) x” = (1 - X)k n (1 - CC”)-‘. 
?&=O EA 
Let p(n) = p,(n) be the number of ways that n can be written in the form 
r being arbitrary, then since 
~oPo xn = a2 (1 - x9-’ 
it follows that p(“)(n) is the kth difference of p(n) if k > 0, p(n) itself if 
k = 0, and the kth summatory function of p(n) if k < 0. Let us say that A 
has property Pk if and only if: If we remove an arbitrary subset of k 
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elements from A, the remaining elements have greatest common divisor 
unity. If k < 0 then any set A has property Pk . Define 
p’“‘(n) = p(k”‘(n)/p(k’(n) = 1 - ($“‘(n - I)/@“‘(n)). 
THEOREM 4.1 (Bateman and ErdSs). Suppose k is arbitrary and A has 
property PI; . Then as n increases pfk)(n) n-c --f 00 for any Jixed C, and 
pfk)(n) ---f 0. 
In [l] the following conjecture is made. 
CONJECTURE (Bateman and Erdiis). If k is arbitrary and A has property 
PI,, then 
Finally they prove 
THEOREM 4.2 (Bateman and Erdiis). Suppose k is arbitrary and A has 
property Pk . Then rip(“)(n) is unbounded above for large n. If A has property 
Pk.+l then as n increases rip(“)(n) -+ 03. 
In this paper we shall obtain results for certain A which are stronger than 
those of Theorems 4.1 and 4.2. We shall show that p(“)(n) = O(n-lla) for 
these A. 
5. ASYMPTOTIC RESULTS FOR p(“)(n) 
First of all we require some definitions. 
Let N(u),fA , property (I), property (II) be defined as in Section 2. Let us 
define cy and A,, as follows. 
CY = a(n) is determined from (uniquely for sufficiently large n) 
n = C u(e*a - 1)-l - k(ea - 1)-l. 
GA 
A, = A,(n) (p = 1, 2,...) is defined by 
A, = c a”gu(eoa)(eao - l)+ - kg,,(e")(e" - l)-", 
UCA 
where g,(x) is that of Section 2. D, = D,(n) is defined in terms of A, 
precisely as in Section 2. 
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THEOREM 5.1. Let A have properties (I) and (II), Suppose that A is a 
P-sequence. Suppose furthermore that 
7 
!I? (log log aJog V) < 00. 
Let m be any fixed integer > 2. Then 
p(“)(n) = (2~rA,)-l/~ exp [CM - c log (I - e-@Q) + k log (1 - e-?/ 
CEA 
[ 
m-2 
x 1 + 1 DO + O{f;-(2m/3)(~)J . 
p=l 1 
Proof. The proof of this theorem is very similar to the proof of 
[2, Theorem 1. I]. One obtains from Cauchy’s theorem that 
pfL)(n) = (l/24 exp oln - C log (1 - ema) + k(log 1 - e-a) 
I NA I 
+ k log f 1 - exp I - exp(--ol + ie) l _ exp(--a) 1 - ino/ dkJ. (5.1) 
We dissect the integration interval of (5.1) into three parts 
s 
n 
= 4 + I2 + 1, ) 
-77 
Il=Jeo) 12 = I61 
7 I, = 
-4 
s-80; 
-77 
( where f3, = af; 1+11)/3(a) and q is that in the definition of property (II). 
We may prove that I1 has the asymptotic expansion of Theorem 5.1 
exactly as in [2] if we show that OI@A, = O{ff;t’(a)>. However, in [2] it is 
shown that 
zAaGgu(eaa)(eUe - 1)-u = O{f,‘+‘(a.)}. 
Also, g,(e”)(e” - 1))” = 0(01-~); thus the arguments in [2] are valid and 
I1 has the asymptotic expansion of Theorem 5.1. 
Let us define G(“)(8) by 
G”‘(e) = ( 
1 - exp(--ol + ie) R 
1 - exp( -a) ) ayA I_’ e~p~~~JY)&l) * 
As in [2] we set I, = 12’ + 1: + I;, where the range of integration in 12’ is 
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from B,, to CC, in 1: from OL to oIfA6(01) and in 1; is from olfA6(~), where 6 is a 
suitable constant of property (II) subject to 0 < 8 < l/S. If I!?,, < 6 < 
OtJaN(~) then 
I(1 - exp(--ol + ie))/(l - exp(-a))/” <fiN(a). 
Thus the arguments of [2] show that IzJ and Ii are both O{C$;“(~)~ for 
every constant M > 0. 
Reference [2] contains a proof of the following theorem (Theorem 3.1). 
THEOREM 5.2. Let A be a P-sequence. Let E > 0 be an arbitrary 
constant. Let N > 0 be an arbitraryJixed integer. 
If 0 E [&IN, n] then G,,(e) = O(aN-‘) as 01 ---f 0. The O-constant depends 
upon N and E but not 01. 
We shall again treat I,” as in [2], namely, show that there exists an 
integer A4 such that 
s (3n’2aM) j G(“)(d)\ df? = O{E&?(CX)~ elf”%) 
and that 
i 
n 
/ G’“‘(O)1 de = O{oc’}, 
(3n/2Q,) 
where J is any fixed integer > 0. 
Equation (5.3) follows at once from Theorem 5.2 since the factor 
~5.2) 
(5.3) 
I(1 - exp(--ol + iQ)/(l - exp(--a))\” = O(c+). (5.4) 
The proof of (5.2) is completely analogous to the proof of 12, Theorem 
3.41. In part (a) we need only set A4 = [J/S] + [(2K + 2)/S)] + 3 + 
[K/6] in view of (5.4). In part (b) we obtain 
< ~(f~(~))~K+llG~lo~~l/a~~~~+~~'~~~+~~ (fA(~))-C~G(log(lla))('fa)'(4K+I) 
< ~(f~((Y))-~1/2~6C~~lo~~l/a~~3+2)/(4~+*~ 
7 as a-+0; 
forJ = 0, l,..., [4K + l] = L. Similarly, 
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Finally it follows from Theorem 5.2 that 
I 3=‘20M 1 G’K’(@J dt = O{d}. al-e/wc+s) 
Thus we conclude that I,‘, ZI, Zz are negligible and Theorem 5.1 is 
proved. 
THEOREM 5.3. Let A have properties (I) and (II). Suppose furthermore 
that 
E (log log f&/log v) < al. 
Suppose that A is a P-sequence. Let l > 0 be an arbitrary constant. Then 
p’“)(n) = iy + O{O~~-~/~(~)}. 
Proof. The proof of this theorem is quite similar to the proof of 
[3, Theorem 2.21. Let dol = a(n) - cx(n - 1). Then as in Section 2 
d logpfk)(n) = d log F + log [ 1 + (I” dG dti//:* G@)(a, 0, n) dt) 1 
-7I 
(5.5) 
where F = exp{a?n - Cap, log(l - e-as) + k log(l - e-“)} and 
G(a, 8, n) = G(k)(8) efen. The arguments of [3, Sect. 21 modified as in the 
proof of Theorem 5.1 show that there exists a constant C, such that 
s cl AG dt = 0(+,-l(a)}. -cl 
Theorem 5.2 shows that for each fixed N > 0 both K? AG d8 and 
J,?I AG de are both O(cuN}. Thus 
s n AG = o{~l~fy(~)j. (5.6) -77 
From Theorem 5.1 
j-” Gck’(a., 8, n) de > A;? 
J-n 
The theorem follows at once from Eqs. (5.5) to (5.7). 
(5.7) 
COROLLARY. Zf A satisfies the conditions of Theorem 5.3 then 
pfk)(n) = O(n-‘la). 
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Proof. 
C a(eua - 1)-l B C v(e”” - 1) = O(CX-~). 
Hence n < &a--2 for some absolute constant C, > 0 and the corollary 
follows at once. 
THEOREM 5.4. Let f (n) be any function tending to injinity as n-+ CO. Then 
there exists a set A and an infinite monotone increasing sequence (ni} 
i = 1, 2,... such that 
pfkW < f(ni)h (ni + CO). 
Thus Theorem 4.2 of Bateman and ErdGs [l] is best possible. 
Proof. Let f(n) be given. We define a set A corresponding to f(n) as 
follows. Let a, denote the vth element of A. Let t be some fixed positive 
integer. Let a, < a, < e.1 < a, be a set of pairwise coprime integers. We 
now define at+l . 
Let pik’(n) = the coefficient of x” in 
(1 - x)” fi (1 - X+)-l. 
t-1 
Now 
1 - xau = (-1)"' n (e2niu'aV - x), 
u-0 
(5.8) 
If 2?rt/ai = 2?rs/a, , i # j, then unless t = s = 0 we have that ai/(al , t) > 2 
and also divides a, . Thus (5.8) has a partial fraction representation of the 
form 
a t-1 
+ (1 - 4” c c B(a, 3 4 a,gat uzl @xPWi 44 - 4’ 
We thus obtain that 
1 
ala2 *-. a, 
1 < plk)(n) < - 
a, .-* a, 
for some constant c which is dependent upon a, ,..., a, , t , and k but not 
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IZ. Since f(n) is unbounded, we have that there exists an n, > a, such that 
PlkY% - Wft%l) > 1 - cf(~l>/~l)~ 
Set at+, to be any integer > nI and coprime piirwise to a,, a, ,..., at. 
Repeating the process yields the theorem. 
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